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Abstract

Let G and H be two graphs. A proper vertex coloring of G is called
a dynamic coloring, if for every vertex v with degree at least 2, the
neighbors of v receive at least two different colors. The smallest
integer k such that G has a dynamic coloring with & colors denoted
by x2(G). We denote the cartesian product of G and H by GOH. In
this paper, we prove that if G and H are two graphs and 6(G) > 2,
then x2(GOH) < max(x2(G), x(H)). We show that for every two
natural numbers m and n, m,n > 2, x2(P»,OP,) = 4. Also, among
other results it is shown that if 3|mn, then x2(Cn3C,) = 3 and
otherwise x2(Cr0Cr) = 4.

1. Introduction

Let G be a graph. We denote the edge set and the vertex set of G, by

* Key Words: Dynamic coloring, Cartesian product of graphs.
12000 Mathematics Subject Classification: 05C15, 05C38.

ARS COMBINATORIA 114(2014), pp. 161-168



E(G) and V(G), respectively. The number of vertices of G is called the
order of G. A proper vertex coloring of G is a function ¢ : V(G) — L,
with this property: if u,v € V(G) are adjacent, then c¢(u) and c(v) are
different. A vertex k-coloring is a proper vertex coloring with |L| = k. The
smallest integer k such that G has a vertex k-coloring is called the chromatic
number of G and denoted by x(G). A proper vertex k-coloring of a graph G
is called dynamic if for every vertex v with degree at least 2, the neighbors
of v receive at least two different colors. The smallest integer k such that
G has a dynamic k-coloring is called the dynamic chromatic number of
G and denoted by x2(G). Recently, the dynamic coloring of graphs has
been studied by several authors, see [1], [2], [3]. For any v € V(G), N¢g(v)
denotes the neighbor set of v in G. Let ¢ be a proper vertex coloring of G.
For any v € V(G), we mean c(Ng{v)) the set of all colors appearing in the
neighbors of v in G. In this article, P, and C,, denote the path and cycle
of order n, respectively. In the proof of our results we need the following

lemma.

Lemma 1. [4, p.5] Let n > 3 be a natural number. Then we have,

(1) x2(Pn) =3

3 3|n
(i) x2(Cn) =4 3{n, n#5
5 n=35

Let G and H be two graphs. We recall that the cartesian product of G
and H, GOH, is a graph with the vertex set V(@) x V(H) such that two
vertices (u,v) and (u’,v') are adjacent if and only if u = v’ and v’ € E(H)
or v = v and wu' € E(G). Clearly, A(GOH) = A(G) + A(H). For any
(u,v) € V(GOH), Ngoy ((u,v)) denotes the neighbor set of (u,v) in GOH.

In the next theorem, we provide an upper bound for the dynamic chro-

matic number of cartesian product of two graphs.

Theorem 1. Let G and H be two graphs. If §(G) > 2, then x2(GOH) <
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max(x2(G), x(H))-

Proof. Suppose that there are dynamic coloringc; : V(G) — {1,...,x2(G)}
and the vertex coloring ¢ : V(H) — {1,...,x(H)}. Assume that k =
max(x2(GQ), x(H)). For every u € V(G) and v € V(H), define a vertex
coloring ¢ : V(GOH) — {1,...,k}, c((u,v)) = c1(u) + c2(v) (mod k).
Now, we claim that ¢ is a dynamic coloring of GOH. Clearly, ¢ is a proper
coloring. Moreover, for every vertex u € V(G), |c1(Ng(w))| > 2. Thus
for every vertex (u,v) € V(GOH), |¢(Ngom((u,v)))| > 2 and the proof is

complete. O

Theorem 2. For every two natural numbers m and n, m,n > 2, we have
x2(Pr0OP,) = 4.

Proof. LetV(Pp) = {u1,...,um}, V(Pn) = {v1,...,v,} and G = P,,0F,.
First note that since A(G) > 2, x2(G) > 3. We claim that x2(G) > 4. To
the contrary, assume that x2(G) = 3. Consider a dynamic 3-coloring c
of G. With no loss of generality we can assume that ¢((u;,v1)) = 1 and
c((ug,v1)) = 2. Also, since Ng((u1,v1)) = {(u1,v2), (uz,v1)} and c is a
dynamic coloring of G, ¢((u1,v2)) = 3. Now, {2,3} C ¢(Ng((uz,v2))) and
so c¢((uz2,v2)) = 1. Also, since Ng((uz,v1)) = {(u1,v1), (uz,v2), (us,v1)}
and the dynamic property holds for (ug,v1), ¢((us,v1)) = 3. Now, {1,3} C
¢(Ng((us,v2))) and so ¢((us, v2)) = 2. By repeating this procedure, we con-
clude that the colors of the vertices (u1,v1),. .., (um,v1) are1,2,3,1,2,3,...,
and the colors of the vertices (uy,vs),..., (um,vs) are 3,1,2,3,1,2,..., re-
spectively. Since Ng((um,v1)) = {(Um=1,v1), (Um,v2)} and also c(um—-1,v1) =
c(Um,v2) we have |¢(Ng((um,v1)))| = 1, a contradiction. So x2(G) > 4.
Now, we claim that the function ¢ : V(G) — {1,2,3,4}, c((ui,v5)) =
i+ 2j (mod 4) is a dynamic 4-coloring of G. Since a pair of adjacent ver-
tices is as (u;,v;) and (uiy1,v;) or (uj,v;) and (uj,v;41) for some ¢,j, ¢
is a proper coloring of G. In order to see that ¢ is a dynamic coloring, it
suffices to show that in the vertices of each subgraph isomorphic to Cy of G,
four different colors are appeared. Clearly, the vertices of each subgraph
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isomorphic to C4 of G, are (ui,v;), (Ui, vj+1), (Uit1,vj4+1) and (uiy1,v;),
for some 4,j. We have c((us,v;)) = i + 27, c((us,vj+1)) = ¢+ 2j + 2,
c((wit1,v5)) =i+ 25 + 1 and c((Uit1,vj+1)) = ¢ + 25 + 3, mod 4. Obvi-
ously, these four colors are different and so c¢ is a dynamic 4-coloring of G
and the claim is proved. Thus for every two natural numbers m and n,
m,n > 2, x2(PnOP,) = 4. a

In the following theorem, we obtain the dynamic chromatic number of

the cartesian product of C,, and P,.

Theorem 3. For every two natural numbers m and n (m > 3),

x2(Cm) n=1
X2(CmDPn) =43 3 I m
4 otherwise

Proof. LetV(Cp) = {u1,...,um}, V(Py) = {v1,...,vp} and G = C,,,OP,.
If n =1, then G ~ C}, and the assertion is trivial. So we can assume that
n # 1. Since A(G) > 2, x2(G) > 3. If 3|m, then by Lemma 1 and Theorem
1, we conclude that in this case, x2(G) = 3. Now, suppose that 3 { m and
m # 5. By Theorem 1, x2(G) < 4. We claim that in this case, x2(G) = 4.
To the contrary, assume that x2(G) = 3. Consider a dynamic 3-coloring c
of G. Since 3 1 m, by Lemma 1, x2(Cp,) > 4. Thus, there exists a vertex
in the first copy of Cy, in G, say (u1,v1), for which the dynamic property
does not hold. With no loss of generality assume that ¢((u;,v1)) = 1 and
c((uz2,v1)) = ¢((um,v1)) = 2. Since the dynamic property holds for (uj,v;)
in G, ¢((u1,v2)) = 3. Also, since {(u2,v1), (u1,v2)} C Ng((uz2,v2)) and
{(um, v1), (u1,02)} € Nea((um,v2)), c((u2,v2)) = c((um,v2)) = 1. More-
over, since ¢ is a dynamic coloring of G, ¢((u1,v3)) = 2. By repeating this
procedure, we conclude that |c(Ng((u1,v,)))| = 1, a contradiction. So,
in this case x2(G) = 4. Now, suppose that m = 5. Since n # 1, then
for every odd number j, 1 < j < n, define c((u1,v;)) = 1, c((u2,v;)) =
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2, c((us,v;)) =3, c((us,v5)) =4, c((us,v;)) = 2 and for every even num-
ber j, 1 < j < n, define c((u1,v;)) = 3, c((u2,v;)) = 1, c((us,v;)) =
2, c((u4,v5)) = 1, c¢((us,v;)) = 4. Clearly, this provides a dynamic 4-
coloring of C50P, and so x2(Cs0PF,) < 4. By a similar argument, as we
did before, we have x2(Cs0PF,) > 4. Hence, x2(Cs0F,) = 4 and the proof

is complete. a

Theorem 4. Let G be a graph and m > 3 be a natural number. Then the
following hold:

(2) If 3| m, then x2(C,,,0G) = max{3,x(G)}.

3 6(G)>2

(#1) If 31 m and x2(G) = 3, then x2(CnOG) = {
4 §G)=1

(¢12) If 3t m and x2(G) > 3, then x2(CnOG) > 4. Moreover, if G is a
bipartite graph with no isolated vertez, then x2(Cp,,0G) = 4.

Proof. LetV(Cp) = {u1,...,um}, V(G) = {v1,..., 0.} and H = Cp, 0OG.
For every i, 1 < i < m, call the i-th copy of G in H, by G;.

(1) Note that by Theorem 1, x2(H) < max(3, x(G)). Moreover, since
A(H) > 2 and G is a subgraph of H, x2(H) > max(3, x(G)). So x2(H) =
max(3, x(G)).

(i7) If 6(@) > 2, then using Theorem 1, x2(H) = 3. Now, assume that
6(G) = 1. First we prove that x2(H) < 4. If m # 5, then by Theorem
1, x2(H) < 4. Now, suppose that m = 5. We can assume that G is a
connected graph. Let ¢; : V(G) — {1,2,3} be a dynamic 3-coloring of
G. For every vertex (u;,v;), 1 <i < 5and 1 < j < n, define the vertex
3-coloring ¢ of H as follows:
c((ui,v5)) = c1(vj) + ¢ (mod 3). Since ¢; is a dynamic coloring of G, for
every vertex (u,v) in H with dg(v) > 2, the dynamic property holds for
this vertex in H. Also, clearly for every 2 < i < 4and 1 < j < n,
le(Nu((us,v5)))| = 2. Now, for every j, 1 < j < n, if dg(v;) = 1, then
we change the colors of vertices (uq,v;) and (u4,v;) to 4. Since G has
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no two adjacent vertices of degree one, the new coloring is still a proper
coloring, moreover the dynamic property holds for every vertex of H and
so x2(H) < 4. Now, it suffices to prove that x2(H) > 4. To the contrary,
suppose that ¢ is a dynamic 3-coloring of H with colors {1,2,3}. With no
loss of generality let v; € V(G) be a vertex of G such that Ng(v1) = {v2},
c((u1,v1)) = 1 and ¢((uy,v2)) = 2. Since the dynamic property holds for
(u1,v1) in H, with no loss of generality we may assume that c((u2,v;)) = 3.
Now, {2,3} C e¢(Ng((uz,v2))) and so ¢((ug,v2)) = 1. Similarly, since the
dynamic property holds for (uq,v1) in H, ¢((us,v1)) = 2. Now, {1,2} C
e(Ng((ug,v2))) and so c((us,v2)) = 3. By repeating this procedure, we
conclude that e((ug,v1)) = 1,¢((us,v1)) = 3,c((ug,v1)) = 2,.... Now,
if ¢((um,v1)) = 3, then c¢(Ng((um,vi))) = {1}, a contradiction. Thus,
¢((um,vy)) = 2. This implies that 3 | m, a contradiction. Thus, x2(H) = 4.

(i4i) To the contrary, suppose that ¢ is a dynamic 3-coloring of H with
colors {1,2,3}. Note that x2(G) > 3 and so there exists a vertex, say
(u1,v1), such that ¢((u1,v1)) = 1 and for every v; € Ng(v1), c((u1,v;)) = 2.
Since the dynamic property holds for (uy,v;) in H, with no loss of gener-
ality we may assume that c({ug2,v1)) = 3. Hence for every v; € Ng(v1),
c((uz,v;)) = 1. Thus c((us,v1)) = 2. By repeating this procedure, we
conclude that c((uq,v1)) = 1,e((us,v1)) = 3,c((ug,v1)) = 2,.... Now,
if c((um, 1)) = 3, then ¢(Ng((um,v1))) = {1}, a contradiction. Thus,
¢((um,v1)) = 2. This implies that 3 | m, a contradiction. Thus, x2(H) > 4.

Now, assume that G = (X,Y) is a bipartite graph such that X =
{z1,...,zs} and Y = {y1,...,4:}. If m = 5, then consider two vertex
4-colorings ¢ and ¢ of Cs, c(u1) = 1, cluz) = 2, c(uz) = 3, c(uyg) = 4,
clus) = 2 and /(u1) = 3, '(u2) =4, c'(uz) = 1, ¢'{wa) = 2, '(us) = 1.
Now, define the dynamic 4-coloring ¢’ of H as follows:
For1<i<5and1<j<s,letd"((uiz;)) =clu;) andforl <i <5
and 1 < k < ¢, let ¢"((us,yx)) = ¢/(u;). This shows that in this case
x2(H) <4 and so x2(H) = 4. Now, suppose that m # 5. Since 3{m, then
Xx2{(Cm) = 4. Consider a dynamic 4-coloring ¢’ of C,. Then for every vertex
(ui,z;), 1 <i<mand 1< j<s, define ¢((ui, z;)) = ¢'(u;) and also for
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every vertex (u;, yx), 1 <i <mand1 <k <t,define e((ui, yx)) = ¢ (u;)+1
(mod 4). Clearly, ¢ is a dynamic 4-coloring of H. Thus, we conclude that
x2(H) < 4. So, x2(H) = 4. O

Theorem 5. Let m,n > 3 be two natural numbers. Then

{3 if 3] mn
x2(Cr0Cy) =

4 if 3tmn

Proof. Let V(Cp) = {ui,...,um}, V(Cn) = {v1,...,v} and G =
C,OC,. Since A(G) > 2, x2(G) > 3. First suppose that 3 | mn. By
Theorem 1, x2(G) = 3. Now, suppose that 3 t mn. By Lemma 1 and
Theorem 4, Part (i37), x2(G) > 4. If one of the m and n is not 5, then
by Theorem 1, x2(G) < 4 and we are done. So, suppose that m = n = 5.
Now, we define the dynamic 4-coloring ¢ of C5C0C5 as follows:

Consider the following 5 x 5 matrix A, A = [a;;] and define c((u;,v;)) = a4,

for every i and j, 1 <1i,j <5.

.

I
BN W N =
=R e N
BN W N -
i e 2 I )
N~ N O~ W

So x2(Cs0C5) < 4. Thus, x2(Cs0Cs5) = 4 and the proof is complete.O3
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