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ABSTRACT
We define a total k-labeling u of a graph G as a combination of an edge labeling ue : EðGÞ !
f1, 2, :::, keg and a vertex labeling uv : VðGÞ ! f0, 2, :::, 2kvg, such that uðxÞ ¼ uvðxÞ if x 2 VðGÞ
and uðxÞ ¼ ueðxÞ if x 2 EðGÞ, where k ¼ max fke, 2kvg: The total k-labeling u is called an edge
irregular reflexive k-labeling of G if every two different edges has distinct edge weights, where the
edge weight is defined as the summation of the edge label itself and its two vertex labels. Thus,
the smallest value of k for which the graph G has the edge irregular reflexive k-labeling is called
the reflexive edge strength of G. In this paper, we study the edge irregular reflexive labeling of cor-
ona product of two paths and corona product of a path with isolated vertices. We determine the
reflexive edge strength for these graphs.
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1. Introduction

An edge irregular reflexive labeling is introduced by Ryan
et al. [25] and is inspired by the problems of an irregular
assignment and an edge irregular total labeling. Let us start
with a brief review of the origins and some background
information of these labelings.

Chartrand et al. [13] proposed a labeling problem in
1988, that is, determine the minimum value of parallel edges
between every two vertices to ensure that a loopless multi-
graph has vertex irregularity. This problem is created as a
consequence of Handshaking Lemma, i.e., no simple graph
can have each distinct vertex degree, however, it is possible
in multigraphs.

They defined this labeling problem as an edge k-labeling
d : EðGÞ ! f1, 2, :::, kg of a graph G such that the vertex
weight is wdðxÞ 6¼ wdðyÞ for all vertices x, y 2 VðGÞ with
x 6¼ y, where wdðxÞ ¼

P
dðxyÞ the summation is over all

vertices y adjacent to x. Such labeling is called irregular
assignment and the irregularity strength of G, s(G) is known
as the minimum k for which G has an irregular assignment
using labels not greater than k. In other words, irregularity
strength is interpreted as the minimum number of parallel
edges, such that every vertex has a distinct degree in multi-
graph. For further results, see papers [6, 14, 17, 23, 24]. For
comprehensive survey of graph labelings, please refer [15].

Ba�ca et al. [10] introduced a total k-labeling q :
VðGÞ [ EðGÞ ! f1, 2, :::, kg to be an edge irregular total k-
labeling of a graph G if for every two different edges xy
and x0y0 of G one has wtðxyÞ ¼ qðxÞ þ qðxyÞ þ qðyÞ 6¼

wtðx0y0Þ ¼ qðx0Þ þ qðx0y0Þ þ qðy0Þ: The total edge irregularity
strength, denoted by tes(G) is defined as the minimum k for
which G has an edge irregular total k-labeling. Some other
results on the total edge irregularity strength can be referred
to [2–5, 7, 11, 12, 21, 22, 26].

Therefore, Ryan et al. [25] were subsequently combined
these two labeling problems by allowing for the vertex labels
representing as loops. They noticed that: (a) the vertex labels
are even non-negative integers, which also representing the fact
that each loop added 2 to the vertex degree; and (b) vertex
label 0 is permissible as representing a loopless vertex.

Thus, they defined the edge irregular reflexive k-labeling
as a combination of an edge labeling ue : EðGÞ ! f1, 2, :::,
keg and a vertex labeling uv : VðGÞ ! f0, 2, :::, 2kvg, in
which labeling u is a total k-labeling of the graph G such
that uðxÞ ¼ uvðxÞ if x 2 VðGÞ and uðxÞ ¼ ueðxÞ if x 2
EðGÞ, where k ¼ max fke, 2kvg: The total k-labeling u is
called an edge irregular reflexive k-labeling of G if for every
two different edges xy, x0y0 of G one has wtðxyÞ ¼ uvðxÞþ
ueðxyÞ þ uvðyÞ 6¼ wtðx0y0Þ ¼ uvðx0Þ þ ueðx0y0Þ þ uvðy0Þ: The
smallest value of k for which such labeling exists is called
the reflexive edge strength of G and is denoted by res(G). For
more results of reflexive edge strength of graphs, see [1, 8,
9, 16, 18–20, 27, 28].

This paper focuses on the edge irregular reflexive labeling
of two classes of corona product of graphs, that is, corona
product of two paths and corona product of a path with iso-
lated vertices. All graphs considered here are simple, finite
and undirected. At the end of this paper, we are able to
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determine the reflexive edge strength of these graphs with
condition that they admit such labeling.

2. Significant lemma and conjecture

It is known that Lemma 1 is proved in [25].

Lemma 1. For every graph G,

resðGÞ � d jEðGÞj
3 e if jEðGÞj 6� 2, 3 ðmod 6Þ,

d jEðGÞj
3 e þ 1 if jEðGÞj � 2, 3 ðmod 6Þ:

8<
:

The following conjecture is proved by Ba�ca et al. [9].

Conjecture 1. Any graph G with maximum degree DðGÞ
satisfies:

resðGÞ ¼ max

�
Dþ 2
2

�
,

� jEðGÞj
3

�
þ r

( )

where r¼ 1 for jEðGÞj � 2, 3 ðmod 6Þ, and zero otherwise.

3. Corona product of two paths

Suppose Pn is a path of order n and Pm is another path of
order m. The corona product of two paths, denoted by Pn �
Pm is defined as a graph obtained by taking one copy of Pn
(with n vertices) and n copies of Pm, and then joining the i-
th vertex of Pn to every vertex of the i-th copy of Pm.

Therefore, the vertex set and edge set of Pn � Pm are

defined as VðPn � PmÞ ¼ fxi, yji : 1 � i � n, 1 � j � mg and

EðPn � PmÞ ¼ fxiyji : 1 � i � n, 1 � j � mg [ fyjiyjþ1
i : 1 �

i � n, 1 � j � m� 1g [ fxixiþ1 : 1 � i � n� 1g,
respectively.

The following theorem shows the edge irregular
reflexive labeling on Pn � Pm and its reflexive edge
strength, resðPn � PmÞ:
Theorem 1. For n � 2 and m � 2,

resðPn � PmÞ ¼
d 2nm�1

3 e,
d 2nm�1

3 e þ 1,

if nm 6� 2 ðmod 3Þ,
if nm � 2 ðmod 3Þ:

(

Proof. Note that the graph Pn � Pm has 2nm� 1 edges. By
using Lemma 1, we obtain the following lower bound:

resðPn � PmÞ � k ¼ d 2nm�1
3 e, if nm 6� 2 ðmod 3Þ,

d 2nm�1
3 e þ 1, if nm � 2 ðmod 3Þ:

(

It clearly shows that k is odd only when n, m � 1 ðmod 3Þ
or n, m � 2 ðmod 3Þ, otherwise, k is even.

Now, we prove that k is the upper bound for resðPn � Pm),
where n, m � 2: First, we define a total k-labeling u of Pn �
Pm by labeling the vertex set and edge set.

(a) All vertices xi and yji are labeled with the even integers
in the following ways.
(i) uðx1Þ ¼ 0,uðx2Þ ¼ 2dm�1

3 e, otherwise, uðxiÞ ¼
2dim�1

3 e if i � 3:

(ii) For 1� j�m,uðyj1Þ¼ 2dj�2
2 e, otherwise, uðyjiÞ¼

2dim�1
3 e if i� 2:

(b) The edges xiy
j
i, y

j
iy
jþ1
i and xixiþ1 are labeled as follows.

(a) uðx1yj1Þ ¼ 1 if j is odd, whereas uðx1yj1Þ ¼ 2 if j

is even. For 1 � j � m,uðx2yj2Þ ¼ j, otherwise,

uðxiyjiÞ ¼ 2mði� 1Þ � 4dim�1
3 e þ j if i � 3:

(b) For 1� j�m�1,uðyj1yjþ1
1 Þ ¼mþ2� j, other-

wise, uðyjiyjþ1
i Þ ¼mð2i�1Þ�4dim�1

3 eþ j if i� 2:
(c) The edges xixiþ1 are labeled as follows:

uðxixiþ1Þ ¼
2m� 2d m�1

3 e, if i ¼ 1, 2,

2im� 2d im�1
3 e � 2d ðiþ1Þm�1

3 e, if i � 3:

(

Evidently, all vertex labels and edge labels are at most k
under the labeling u, thus, labeling u is a total k-labeling of
Pn � Pm: Next, we show the edge weights of all edges in
Pn � Pm are distinct under the total k-labeling u:

(a) wtuðxiyjiÞ ¼ uðxiÞ þ uðxiyjiÞ þ uðyjiÞ:
(i) For j odd, wtuðx1yj1Þ ¼ 0þ 1þ 2dj�2

2 e ¼ 1þ j�
1 ¼ j, whereas for j even, wtuðx1yj1Þ ¼ 0þ 2þ
2dj�2

2 e ¼ 2þ j� 2 ¼ j:
(ii) For 1� j�m,wtuðx2yj2Þ¼ 2dm�1

3 eþ jþ2dim�1
3 e¼

2 dm�1
3 eþd2m�1

3 e� �þ j¼ 2mþ j:
(iii) For i� 3 and 1� j�m,wtuðxiyjiÞ¼ 2dim�1

3 eþ
2mði�1Þ�4dim�1

3 eþ jþ2dim�1
3 e¼ 2mði�1Þþ j:

(b) wtuðyjiyjþ1
i Þ ¼ uðyjiÞ þ uðyjiyjþ1

i Þ þ uðyjþ1
i Þ:

(i) For 1� j�m�1,wtuðyj1yjþ1
1 Þ ¼ 2dj�2

2 eþmþ2�
jþ2dðjþ1Þ�2

2 e¼ 2ðj�1Þþmþ2� j¼ mþ j:

(ii) For i � 2 and 1 � j � m � 1, wtuðyjiyjþ1
i Þ ¼

2dim�1
3 e þ mð2i � 1Þ � 4dim�1

3 e þ j þ 2dim�1
3 e ¼

mð2i � 1Þ þ j:
(c) wtuðxixiþ1Þ ¼ uðxiÞ þ uðxixiþ1Þ þ uðxiþ1Þ:

(i) wtuðx1x2Þ ¼ 0þ 2m� 2dm�1
3 e þ 2dm�1

3 e ¼ 2m:
(ii) wtuðx2x3Þ¼2dm�1

3 eþ2m�2dm�1
3 eþ 2dðiþ1Þm�1

3 e¼
2mþ2d3m�1

3 e¼2mþ2m¼ 4m:

(iii) For i�3,wtuðxixiþ1Þ¼2dim�1
3 eþ2im�2dim�1

3 e�
2dðiþ1Þm�1

3 eþ2dðiþ1Þm�1
3 e¼ 2im:

We can see that the edge weights of all edges in Pn � Pm
are distinct integers from the set f1, 2, :::, 2nm� 1g, in
other words, every edge has a distinct weight. Thus, the total
k-labeling u is an edge irregular reflexive k-labeling of Pn �
Pm and k is the reflexive edge strength of Pn � Pm: This
completes the proof. w

Figures 1 and 2 show the corresponding edge irregular
reflexive k-labelings of P4 � P4 and P4 � P5:

4. Corona product of a path with isolated vertices

Assume Pn is a path of order n and mK1 is a disjoint union
of m copies of isolated vertex. The corona product of a path
with m copies of isolated vertex, denoted by Pn �mK1 is
defined as a graph obtained by taking one copy of Pn (with
n vertices) and n copies of mK1 by joining the i-th vertex of
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Pn to every vertex of the i-th copy of mK1. Note that Pn �
mK1 is also known as a subclass of caterpillars.

Therefore, the vertex set and edge set of Pn �mK1 are

VðPn �mK1Þ ¼ fxi, yji : 1 � i � n, 1 � j � mg and EðPn �
mK1Þ ¼ fxixiþ1 : 1 � i � n� 1g [ fxiyji : 1 � i � n, 1 � j �
mg, respectively. The number of edges of Pn �mK1,
denoted by jEðPn �mK1Þj is nðmþ 1Þ � 1: Thus, according
to Lemma 1,

resðPn �mK1Þ � k

¼ d nðmþ1Þ�1
3 e, if nðmþ 1Þ � 1 6� 2, 3 ðmod 6Þ,

d nðmþ1Þ�1
3 e þ 1, if nðmþ 1Þ � 1 � 2, 3 ðmod 6Þ:

8<
:

(1)

We notice that k is odd when n � 1 ðmod 3Þ,m �
1 ðmod 6Þ or n � 2 ðmod 3Þ,m � 3 ðmod 6Þ or n �
2 ðmod 6Þ,m � 0 ðmod 6Þ or n, m � 4 ðmod 6Þ:
Otherwise, k is even.

The following lemmas show the reflexive edge strength of
Pn �mK1 by distinguishing m into odd and even cases.
First, we deal with Pn �mK1 when m is odd.

Lemma 2. For n � 2 and m odd,

resðPn �mK1Þ

¼ d nðmþ1Þ�1
3 e, if nðmþ 1Þ � 1 6� 2, 3 ðmod 6Þ,

d nðmþ1Þ�1
3 e þ 1, if nðmþ 1Þ � 1 � 2, 3 ðmod 6Þ:

8<
:

Proof. As a fact that Pn �mK1 has nðmþ 1Þ � 1 edges.
According to Lemma 1, the lower bound for resðPn �mK1Þ
is shown as (1). Now, we prove that k is the upper bound
for resðPn �mK1Þ when m is odd. We first define a total k-
labeling u of Pn �mK1:

(a) All vertices xi and yji are labeled with the even integers
in the following ways.
(i) uðx1Þ ¼ 0: For m � 1 ðmod 6Þ, i � 2 ðmod 3Þ

or m � 3 ðmod 6Þ, i � 4 ðmod 3Þ, uðxiÞ ¼
diðmþ1Þþ2

3 e: Otherwise, uðxiÞ ¼ diðmþ1Þ�2
3 e:

(ii)

uðyjiÞ ¼

0, if i ¼ 1,m � 1 ðmod 6Þ, 1 � j � d 2ðmþ2Þ
3 e,

or m � 3, 5 ðmod 6Þ, 1 � j � d 2m
3 e,

if i ¼ 2,m � 1 ðmod 6Þ, 1 � j � d mþ3
3 e,

or m � 3, 5 ðmod 6Þ, 1 � j � dm
3e,

d 2ðmþ2Þ
3 e, if i ¼ 1,m � 1 ðmod 6Þ, d 2ðmþ2Þ

3 e þ 1 � j � m,

or i ¼ 2,m � 1 ðmod 6Þ, dmþ3
3 e þ 1 � j � m,

d 2m
3 e, if i ¼ 1,m � 3, 5 ðmod6Þ, d 2m

3 e þ 1 � j � m,

or i ¼ 2,m � 3, 5 ðmod 6Þ, dm
3e þ 1 � j � m,

uðxiÞ, i � 3, 1 � j � m:

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

(b) The edges xiy
j
i and xixiþ1 are labeled as follows.

(i) uðx1yj1Þ ¼ j if m � 1 ðmod 6Þ, 1 � j � d2ðmþ2Þ
3 e

or m � 3, 5 ðmod 6Þ, 1 � j � d2m3 e, otherwise,

uðx1yj1Þ ¼ j� uðx2Þ: Next, uðx2yj2Þ ¼ mþ 1�
uðx2Þ þ j if m � 1 ðmod 6Þ, 1 � j � dmþ3

3 e
or m � 3, 5 ðmod 6Þ, 1 � j � dm3e, otherwise,

uðx2yj2Þ ¼ mþ1�2uðx2Þþ j: For i� 3 and 1�
j�m,uðxiyjiÞ ¼ ði�1Þðmþ1Þ�2uðxiÞþ j:

(ii) uðx1x2Þ ¼ dm�1
3 e if m � 1 ðmod 6Þ, whereas

uðx1x2Þ ¼ dmþ1
3 e if m � 3, 5 ðmod 6Þ: Next,

for m � 1 ðmod 6Þ, i � 2, 3 ðmod 3Þ or m�
3 ðmod 6Þ, i�4 ðmod 3Þ, uðxixiþ1Þ¼ iðmþ1Þ�
2uðxiÞ�dm�3

3 e: For m�5 ðmod 6Þ, i�2,
uðxixiþ1Þ¼iðmþ1Þ�2uðxiÞ�dmþ1

3 e: Otherwise,
uðxixiþ1Þ¼ iðmþ1Þ�2uðxiÞ�dmþ3

3 e:
Evidently, all vertex labels and edge labels are at most k

under the labeling u, thus, labeling u is a total k-labeling of
Pn �mK1: Next, we show the edge weights of all edges in
Pn �mK1 are distinct under the total k-labeling u:

(a) wtuðxiyjiÞ ¼ uðxiÞ þ uðxiyjiÞ þ uðyjiÞ:
(i) For i¼ 1,

(A) wtuðx1yj1Þ ¼ 0þ jþ 0 ¼ j if m � 1 ðmod

6Þ, 1 � j � d2ðmþ2Þ
3 e or m�3,5 ðmod 6Þ

1�j �d2m3 e:
(B) wtuðx1yj1Þ ¼ 0 þ j� uðx2Þ þ d2ðmþ2Þ

3 e ¼
j� d2ðmþ2Þ

3 e þ d2ðmþ2Þ
3 e ¼ j if m � 1 ðmod

6Þ, d2ðmþ2Þ
3 e þ 1 � j � m:

Figure 2. The edge irregular reflexive 14-labeling of P4 � P5:

Figure 1. The edge irregular reflexive 11-labeling of P4 � P4:
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(C) wtuðx1yj1Þ¼0þj�uðx2Þþ d2m3 e¼j�d2m3 eþ
d2m3 e¼j if m � 3, 5 ðmod 6Þ, d2m3 e þ 1 �
j � m:

(ii) For i¼ 2,
(A) when m � 1 ðmod 6Þ, wtuðx2yj2Þ ¼

diðmþ1Þþ2
3 e þ m þ 1� uðx2Þ þ j þ 0 ¼

diðmþ1Þþ2
3 e þmþ 1 � diðmþ1Þþ2

3 e þ j ¼ mþ
1 þ j if 1 � j � dmþ3

3 e, otherwise,

wtuðx2yj2Þ ¼ diðmþ1Þþ2
3 eþmþ 1� 2uðx2Þþ

jþd2ðmþ2Þ
3 e¼diðmþ1Þþ2

3 eþmþ1�2diðmþ1Þþ2
3 e

þjþdiðmþ1Þþ2
3 e¼mþ1þj if dmþ3

3 eþ1�
j� m:

(B) when m � 3, 5 ðmod 6Þ, wtuðx2yj2Þ ¼
diðmþ1Þ�2

3 e þ m þ 1 � uðx2Þ þ j þ 0 ¼
diðmþ1Þ�2

3 e þ m þ 1 � diðmþ1Þ�2
3 e þ j ¼

m þ 1 þ j if 1 � j � dm3e, otherwise,

wtuðx2yj2Þ ¼ diðmþ1Þ�2
3 eþmþ 1� 2uðx2Þþ

jþd2m3 e¼diðmþ1Þ�2
3 eþmþ1�2diðmþ1Þ�2

3 eþ
jþdiðmþ1Þ�2

3 e¼mþ1þ j if dm3eþ1� j� m:

(iii) For i � 3 and 1 � j � m,
(A) wtuðxiyjiÞ ¼ diðmþ1Þ�2

3 eþ ði� 1Þðmþ 1Þ �
2uðxiÞ þ jþ diðmþ1Þ�2

3 e ¼ diðmþ1Þ�2
3 e þ ði�

1Þðmþ 1Þ� 2diðmþ1Þ�2
3 e þ jþ diðmþ1Þ�2

3 e ¼
ði� 1Þðmþ 1Þ þ j if m � 1 ðmod 6Þ, i �
0, 1 ðmod 3Þ or m � 3 ðmod 6Þ, i �
0, 2 ðmod 3Þ or m � 5 ðmod 6Þ, i � 3:

(B) wtuðxiyjiÞ ¼ diðmþ1Þþ2
3 e þ ði� 1Þðm þ 1Þ �

2uðxiÞ þ jþ diðmþ1Þþ2
3 e ¼ diðmþ1Þþ2

3 e þ ði�
1Þðmþ 1Þ� 2diðmþ1Þþ2

3 e þ jþ diðmþ1Þþ2
3 e ¼

ði� 1Þðmþ 1Þ þ j if m � 1 ðmod 6Þ, i �
2 ðmod 3Þ or m � 3 ðmod 6Þ, i �
1 ðmod 3Þ: Take note that i 6¼ 1, 2 in
(iii)(A) and (iii)(B).

(b) wtuðxixiþ1Þ ¼ uðxiÞ þ uðxixiþ1Þ þ uðxiþ1Þ:
(i) For i¼ 1,

(A) wtuðx1x2Þ ¼ 0þ dm�1
3 e þ dðiþ1Þðmþ1Þþ2

3 e ¼
dmþ1

3 e þ d2mþ4
3 e ¼ 1

3½ðm� 1Þþ 2ðmþ 2Þ� ¼
mþ 1 if m � 1 ðmod 6Þ:

(B) wtuðx1x2Þ ¼ 0þ dmþ1
3 e þ dðiþ1Þðmþ1Þ�2

3 e ¼
dmþ1

3 e þ d2m3 e ¼ 1
3½ðmþ 3Þ þ 2m� ¼ mþ 1

if m � 3 ðmod 6Þ:
(C) wtuðx1x2Þ ¼ 0þ dmþ1

3 e þ dðiþ1Þðmþ1Þ�2
3 e ¼

dmþ1
3 e þ d2m3 e ¼ 1

3½ðmþ 1Þ þ ðmþ 2Þ� ¼
mþ 1 if m � 5 ðmod 6Þ:

(ii) For i � 2,
(A) when i � 0 ðmod 3Þ, wtuðxixiþ1Þ ¼

diðmþ1Þ�2
3 e þ iðmþ 1Þ � 2uðxiÞ � dm�3

3 eþ
dðiþ1Þðmþ1Þ�2

3 e ¼ diðmþ1Þ�2
3 e þ iðmþ 1Þ�

2diðmþ1Þ�2
3 e�dm�3

3 e þ dðiþ1Þðmþ1Þ�2
3 e¼ iðmþ

1Þþ1
3½�iðmþ1Þ�ðm�1Þþiðmþ1Þþðm�

1Þ�¼ iðmþ1Þ if m�1 ðmod 6Þ, otherwise,
wtuðxixiþ1Þ¼diðmþ1Þ�2

3 eþiðmþ1Þ�2uðxiÞ�

dmþ3
3 eþdðiþ1Þðmþ1Þþ2

3 e¼ iðmþ1Þþ1
3½�iðmþ

1Þ�ðmþ3Þþ iðmþ1Þþ ðmþ3Þ�¼ iðmþ1Þ
if m�3 ðmod 6Þ:

(B) when i � 1 ðmod 3Þ, wtuðxixiþ1Þ ¼
diðmþ1Þ�2

3 e þ iðmþ 1Þ � 2uðxiÞ � dmþ3
3 e þ

dðiþ1Þðmþ1Þþ2
3 e ¼ iðmþ 1Þ þ 1

3f�½iðmþ 1Þ�
2� � ðmþ 5Þ þ ½iðmþ 1Þ � 2� þ ðmþ 5Þg ¼
iðmþ 1Þ if m� 1 ðmod 6Þ, otherwise,

wtuðxixiþ1Þ¼diðmþ1Þþ2
3 eþiðmþ1Þ�2uðxiÞ�

dm�3
3 eþ dðiþ1Þðmþ1Þ�2

3 e¼iðmþ1Þþ1
3f�½iðmþ

1Þþ2��ðm�3Þþ ½iðmþ1Þþ2�þðm�3Þg¼
iðmþ1Þ if m�3 ðmod 6Þ:

(C) when i � 2 ðmod 3Þ, wtuðxixiþ1Þ ¼
diðmþ1Þþ2

3 e þ iðmþ 1Þ � 2uðxiÞ � dm�3
3 e þ

dðiþ1Þðmþ1Þ�2
3 e ¼ iðmþ 1Þ þ 1

3f�½iðmþ 1Þþ
2� � ðm� 1Þþ ½iðmþ 1Þþ 2� þ ðm� 1Þg ¼
iðmþ 1Þ if m� 1 ðmod 6Þ, otherwise,

wtuðxixiþ1Þ¼diðmþ1Þ�2
3 eþiðmþ1Þ�2uðxiÞ�

dmþ3
3 eþ dðiþ1Þðmþ1Þ�2

3 e¼iðmþ1Þþ1
3f�½iðmþ

1Þ�2��ðmþ3Þþ½iðmþ1Þ�2�þðmþ 3Þg¼
iðmþ1Þ if m�3 ðmod 6Þ:

(D) wtuðxixiþ1Þ¼diðmþ1Þ�2
3 eþiðmþ1Þ� 2uðxiÞ�

dmþ1
3 e þ dðiþ1Þðmþ1Þ�2

3 e¼iðmþ1Þþ1
3½�iðmþ

1Þ�ðmþ1Þþ iðmþ1Þþðmþ1Þ�¼ iðmþ1Þ
if m�5 ðmod 6Þ:

It clearly shows that the edge weights of all edges in Pn �
mK1 are distinct integers from the set f1, 2, :::, nðmþ 1Þ �
1g, which means that all edges have distinct weights. Thus,
the total k-labeling u is an edge irregular reflexive k-labeling
of Pn �mK1 and k is the reflexive edge strength of Pn �
mK1, where m is odd. This completes the proof. w

Figures 3 and 4 show the corresponding edge irregular
reflexive 7-labeling of P5 � 3K1 and edge irregular reflexive
8-labeling of P4 � 5K1, respectively.

In the next lemma, we deal with Pn �mK1 when m
is even.

Lemma 3. For n � 2 and m even,

resðPn �mK1Þ

¼ d nðmþ1Þ�1
3 e, if nðmþ 1Þ � 1 6� 2, 3 ðmod 6Þ,

d nðmþ1Þ�1
3 e þ 1, if nðmþ 1Þ � 1 � 2, 3 ðmod 6Þ:

8<
:

Proof. Since the number of edges of Pn �mK1 is nðmþ
1Þ � 1, by Lemma 1, we obtain the lower bound as shown
in (1). Now, we prove that k is the upper bound for
resðPn �mK1Þ when m is even. We first define a total k-
labeling u of Pn �mK1:

(a) All vertices xi and yji are labeled as follows.
(i) For i 6¼ 3,

(A) uðx1Þ ¼ 0: Then, uðxiÞ ¼ diðmþ1Þþ2
3 e if

m � 0 ðmod 6Þ, i � 3, 4 ðmod 6Þ or
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m � 2 ðmod 6Þ, i � 1 ðmod 6Þ or m�
4 ðmod 6Þ, i�2,3 ðmod 6Þ: Next, uðxiÞ¼
diðmþ1Þ

3 e if m�0 ðmod 6Þ,i�5 ðmod 6Þ or
m�4 ðmod 6Þ,i�1 ðmod 6Þ:
Otherwise, uðxiÞ¼diðmþ1Þ�2

3 e:
(B) The vertices uðyjiÞ are labeled as follows.

uðyjiÞ ¼

0, if i ¼ 1,m � 0, 2 ðmod 6Þ, 1 � j � d 2m
3 e,

or m � 4 ðmod 6Þ, 1 � j � d 2ðmþ2Þ
3 e,

if i ¼ 2,m � 0 ðmod 6Þ, 1 � j � d m�3
3 e,

or m � 2 ðmod 6Þ, 1 � j � d m
3e,

or m � 4 ðmod 6Þ, 1 � j � dmþ3
3 e,

d 2m
3 e, if i ¼ 1,m � 0, 2 ðmod 6Þ, d 2m

3 e þ 1 � j � m,

or i ¼ 2,m � 0 ðmod 6Þ, d m�3
3 e þ 1 � j � m,

or m � 2 ðmod 6Þ, d m
3e þ 1 � j � m,

d 2ðmþ2Þ
3 e,

uðxiÞ,

if i ¼ 1,m � 4 ðmod 6Þ, d 2ðmþ2Þ
3 e þ 1 � j � m,

or i ¼ 2,m � 4 ðmod 6Þ, d mþ3
3 e þ 1 � j � m,

otherwise:

8>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>:

(ii) For i¼ 3 and 1 � j � m,uðx3Þ ¼ uðyj3Þ ¼ m:
(b) The edges xiy

j
i and xixiþ1 are labeled as follows. .

(i) For i 6¼ 3,
(A) uðx1yj1Þ ¼ j if m � 0, 2 ðmod 6Þ, 1 � j �

d2m3 e or m � 4 ðmod 6Þ, 1 � j � 2ðmþ2Þ
3 ,

otherwise, uðx1yj1Þ ¼ j� uðx2Þ: Next,

uðx2yj2Þ¼mþ1�uðx2Þþj if m � 0 ðmod
6Þ, 1 � j� dm�3

3 e or m� 2 ðmod 6Þ, 1�
j � dm3e or m� 4 ðmod 6Þ,1� j� dmþ3

3 e,
otherwise, uðx2yj2Þ¼mþ1�2uðx2Þþj: For

i � 4, 1 � j � m, uðxiyjiÞ ¼ ði � 1Þðm þ
1Þ� 2uðxiÞ þ j:

(B) uðx1x2Þ ¼ dmþ1
3 e if m � 0, 2 ðmod 6Þ,

otherwise, uðx1x2Þ ¼ dm�1
3 e: Next,

uðx2x3Þ ¼ iðmþ 1Þ � 2uðxiÞ � dm�2
3 e if

m � 0, 2 ðmod 6Þ, otherwise, uðx2x3Þ ¼
iðmþ 1Þ � 2uðxiÞ � dm�4

3 e: For i � 4,

uðxixiþ1Þ ¼

iðmþ 1Þ � 2uðxiÞ � d m�2
3 e, if m � 0ðmod 6Þ, i 6� 2ðmod 6Þ,

or m � 2ðmod 6Þ, i � 1ðmod 2Þ,
iðmþ 1Þ � 2uðxiÞ � d m�4

3 e, if m � 4ðmod 6Þ, i � 3ðmod 6Þ,
iðmþ 1Þ � 2uðxiÞ � d m

3e, if m � 4ðmod 6Þ, i 6� 3ðmod 6Þ,
iðmþ 1Þ � 2uðxiÞ � d mþ4

3 e, otherwise:

8>>>>>>><
>>>>>>>:

(ii) For i¼ 3,
(A) uðx3yj3Þ ¼ 2þ j if 1 � j � m:
(B) uðx3x4Þ ¼ iðmþ 1Þ � 2uðxiÞ � dmþ4

3 e if
m � 0, 2ðmod 6Þ, otherwise, uðx3x4Þ ¼
iðmþ 1Þ � 2uðxiÞ � dm3e
if m � 4ðmod 6Þ:

Clearly, all vertex labels and edge labels are at most k
under the labeling u, thus, labeling u is a total k-labeling of
Pn �mK1: Using similar approach as in the proof of Lemma
2, we are able to find the edge weights of all edges in
Pn �mK1:

wtuðxixiþ1Þ ¼ uðxiÞ þ uðxixiþ1Þ þ uðxiþ1Þ
and

wtuðxiyjiÞ ¼ uðxiÞ þ uðxiyjiÞ þ uðyjiÞ:
Therefore, the results of edge weights are: (a) wtuðxixiþ1Þ ¼
mþ 1 if i¼ 1, otherwise, wtuðxixiþ1Þ ¼ iðmþ 1Þ if i � 2;

and (b) wtuðxiyjiÞ ¼ j if i¼ 1, wtuðxiyjiÞ ¼ mþ 1þ j if i¼ 2,

wtuðxiyjiÞ ¼ 2ðmþ 1Þ þ j if i¼ 3, otherwise, wtuðxiyjiÞ ¼
ði� 1Þðmþ 1Þ þ j if i � 4:

We can see that the edge weights of all edges in Pn �
mK1 are distinct integers from the set f1, 2, :::, nðmþ 1Þ �
1g, in other words, every edge has a distinct weight. Thus,
the total k-labeling u is an edge irregular reflexive k-labeling
of Pn �mK1 and k is the reflexive edge strength of Pn �
mK1, where m is even. This completes the proof. w

Figures 5 and 6 show the corresponding edge irregular
reflexive 4-labeling of P4 � 2K1 and edge irregular reflexive
6-labeling of P3 � 4K1, respectively.

Figure 3. An edge irregular reflexive 7-labeling for P5 � 3K1:

Figure 4. An edge irregular reflexive 8-labeling for P4 � 5K1:

Figure 5. An edge irregular reflexive 4-labeling for P4 � 2K1:
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Combining Lemmas 2 and 3, we obtain the concluding
result for the reflexive edge strength of corona product of
path with mK1 as follows.

Theorem 2. For n � 2 and all positive integers m,

resðPn �mK1Þ

¼ d nðmþ1Þ�1
3 e, if nðmþ 1Þ � 1 6� 2, 3 ðmod 6Þ,

d nðmþ1Þ�1
3 e þ 1, if nðmþ 1Þ � 1 � 2, 3 ðmod 6Þ:

8<
:

5. Conclusion

This paper has successfully determined the reflexive edge
strength of corona product of graphs, that is, corona prod-
uct of two paths and corona product of a path with isolated
vertices, where these graphs have also proven to admit the
edge irregular reflexive labeling. Moreover, these generalized
results are not only strengthened the Conjecture 1, but also
thoroughly replaced the weak and restricted results of the
previous paper [19]. Last but not least, this interesting study
found a problem that worths for further investigation,
that is:

Problem 1. Determine the reflexive edge strength of corona
product of a path Pn with m copies of complete graphs, i.e.,
resðPn �mKtÞ, where n,m, t � 2 and all positive integers m.
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