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ABSTRACT

We define a total k-labeling ¢ of a graph G as a combination of an edge labeling ¢, : E(G) —
{1,2,....ke} and a vertex labeling ¢, : V(G) — {0,2,...,2k,}, such that ¢(x) = ¢,(x) if x € V(G)
and ¢(x) = @.(x) if x € E(G), where k = max {ke, 2k, }. The total k-labeling ¢ is called an edge
irregular reflexive k-labeling of G if every two different edges has distinct edge weights, where the
edge weight is defined as the summation of the edge label itself and its two vertex labels. Thus,
the smallest value of k for which the graph G has the edge irregular reflexive k-labeling is called
the reflexive edge strength of G. In this paper, we study the edge irregular reflexive labeling of cor-
ona product of two paths and corona product of a path with isolated vertices. We determine the

reflexive edge strength for these graphs.

1. Introduction

An edge irregular reflexive labeling is introduced by Ryan
et al. [25] and is inspired by the problems of an irregular
assignment and an edge irregular total labeling. Let us start
with a brief review of the origins and some background
information of these labelings.

Chartrand et al. [13] proposed a labeling problem in
1988, that is, determine the minimum value of parallel edges
between every two vertices to ensure that a loopless multi-
graph has vertex irregularity. This problem is created as a
consequence of Handshaking Lemma, i.e., no simple graph
can have each distinct vertex degree, however, it is possible
in multigraphs.

They defined this labeling problem as an edge k-labeling
0:E(G) — {1,2,...k} of a graph G such that the vertex
weight is ws(x) # ws(y) for all vertices x, y € V(G) with
x #y, where ws(x) =) 0(xy) the summation is over all
vertices y adjacent to x. Such labeling is called irregular
assignment and the irregularity strength of G, s(G) is known
as the minimum k for which G has an irregular assignment
using labels not greater than k. In other words, irregularity
strength is interpreted as the minimum number of parallel
edges, such that every vertex has a distinct degree in multi-
graph. For further results, see papers [6, 14, 17, 23, 24]. For
comprehensive survey of graph labelings, please refer [15].

Baca et al. [10] introduced a total k-labeling p:
V(G) UE(G) — {1,2,...,k} to be an edge irregular total k-
labeling of a graph G if for every two different edges xy
and x’y of G one has wt(xy) = p(x) + p(xy) + p(y) #

KEYWORDS

Edge irregular reflexive
labeling; reflexive edge
strength; corona product;
path; complete graph

2010 MATHEMATICAL
SUBJECT
CLASSIFICATION
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wt(x'y') = p(«) + p(x'y) + p()'). The total edge irregularity
strength, denoted by tes(G) is defined as the minimum k for
which G has an edge irregular total k-labeling. Some other
results on the total edge irregularity strength can be referred
to [2-5, 7, 11, 12, 21, 22, 26].

Therefore, Ryan et al. [25] were subsequently combined
these two labeling problems by allowing for the vertex labels
representing as loops. They noticed that: (a) the vertex labels
are even non-negative integers, which also representing the fact
that each loop added 2 to the vertex degree; and (b) vertex
label 0 is permissible as representing a loopless vertex.

Thus, they defined the edge irregular reflexive k-labeling
as a combination of an edge labeling ¢, : E(G) — {1,2,...,
k.} and a vertex labeling ¢,: V(G) — {0,2,...,2k,}, in
which labeling ¢ is a total k-labeling of the graph G such
that ¢(x) = ¢,(x) if x€ V(G) and ¢@(x) = ¢,(x) if x€
E(G), where k= max {k,2k,}. The total k-labeling ¢ is
called an edge irregular reflexive k-labeling of G if for every
two different edges xy, x'y’ of G one has wt(xy) = ¢,(x)+
Pe(xy) + ¢, () # wt(xy') = ¢,(x) + @.(xy) + ¢,()/). The
smallest value of k for which such labeling exists is called
the reflexive edge strength of G and is denoted by res(G). For
more results of reflexive edge strength of graphs, see [1, 8,
9, 16, 18-20, 27, 28].

This paper focuses on the edge irregular reflexive labeling
of two classes of corona product of graphs, that is, corona
product of two paths and corona product of a path with iso-
lated vertices. All graphs considered here are simple, finite
and undirected. At the end of this paper, we are able to
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determine the reflexive edge strength of these graphs with
condition that they admit such labeling.

2. Significant lemma and conjecture

It is known that Lemma 1 is proved in [25].

Lemma 1. For every graph G,

[EEN i |E(G) # 2,3 (mod 6),
M9 41 if [E(G)|=2,3 (mod 6).

res(G) >

The following conjecture is proved by Baca et al. [9].

Conjecture 1. Any graph G with maximum degree A(G)

satisfies:
- [252}{22]

where r=1 for |E(G)| = 2,3 (mod 6), and zero otherwise.

3. Corona product of two paths

Suppose P, is a path of order n and P, is another path of
order m. The corona product of two paths, denoted by P, ®
P,, is defined as a graph obtained by taking one copy of P,
(with n vertices) and » copies of P,,, and then joining the i-
th vertex of P, to every vertex of the i-th copy of P,,.
Therefore, the vertex set and edge set of P, ® P, are

defined as V(P, ® P,,) :{x,-,)/lizlgig n,1<j<m} and

E(P,OP,) ={xy:1 < i<nl<j<m} U {yy7:1<
i<nml1<j<m—-1}U{xxiy:1<i<n—1},
respectively.

The following theorem shows the edge irregular
reflexive labeling on P,® P, and its reflexive edge
strength, res(P, © Py,).

Theorem 1. For n > 2 and m > 2,

[2nm=1], if nm# 2 (mod 3),
[222-1] + 1, if nm =2 (mod 3).

res(P, ©® P,,) = {

Proof. Note that the graph P, ® P, has 2nm — 1 edges. By
using Lemma 1, we obtain the following lower bound:

[ngfl‘l)
|'2rm31—1‘| + 1)

(P, © Py) > k= if nm #£2 (mod 3),
restEn © Fm) 2 K= if nm =2 (mod 3).
It clearly shows that k is odd only when n, m =1 (mod 3)
or n, m =2 (mod 3), otherwise, k is even.

Now, we prove that k is the upper bound for res(P, ® P,,),
where n, m > 2. First, we define a total k-labeling ¢ of P, ®
P,, by labeling the vertex set and edge set.

(a)  All vertices x; and yi are labeled with the even integers
in the following ways.

@) @(x1) =0,0(x;) = 2["-], otherwise, ¢(x;) =
2[mL] if i > 3.

(i) For 1<j<m,o(),)=
2[] if i > 2.

(b) The edges x,yi,y]y’
(@)  @(xy;) =1if j is odd, whereas ¢( x1y’1 =2ifj

2], otherwise, ¢(y})=

and x;x;. 1 are labeled as follows.

is even. For 1<j<m,p(x,) =j, otherwise,
o(xy)) = 2m(i — 1) — 4[m=1] 4 if i > 3.

(b) For 1<j<m—1LoUy")=m+2—j, other-
wise, (Y[ ) =m(2i—1) — 4[] 4 if i > 2.
() The edges x;x;; are labeled as follows:
( ) m —2[ 2], if i=1,2,
XiXi = X .
P 2im — 2 m=l) —or UMl g > 3

Evidently, all vertex labels and edge labels are at most k
under the labeling ¢, thus, labeling ¢ is a total k-labeling of
P, ® P,,. Next, we show the edge weights of all edges in
P, ® P,, are distinct under the total k-labeling ¢.

@ wiy(xy)) = o(x:) + @(xy)) + 0(¥).
(i)  For j odd, wt,(x1y}) —0+1+2P—2 =1+j-
1 =j, whereas for j even, wt,( x1y’1 =042+
2B =2+j-2=]
(i)  For 1<j<mwty(x,y}) =21 4j+2[m1] =
2[5+ ) +j=2m ).
For i>3 and 1<j<m,wt,(xy,)=2["2]+
2m(i—1) — 4[] 4 j42[d] = 2m(i— 1) +j.
) wio(Oi™) = 00D + o0l +o0i).
(i) For 1<j<m—Lwt,(y,"") =25 +m+2—-
JH2 2 = — 1) 4 mt2—j= m+.
(i) For i >2 and 1<j<m—1Lwt,Oy") =
2[mA] + m(2i — 1) — 4[] 4 j 4 2] =
m(2i — 1) + j.
(c) Wtq,(x Xir1) = @(xi) + @(xixiv1) + @ (xit1)-
(D) wtp(x1x2) = 0+ 2m — 2[5 422

(iii)

2m

() why (o) =2[25] +2m—2[251] 4 2 [ ey
2m+2[3m L1=2m+2m= 4m.
(iii)  Por i>3,wty,(xixip1) =2[251] 4 2im — 2 [2=1] —

2|—(i+1)3m71—|+2|—(1+1)3m 1= 2im,

We can see that the edge weights of all edges in P, ©® P,
are distinct integers from the set {1,2,..,2nm — 1},
other words, every edge has a distinct weight. Thus, the total
k-labeling ¢ is an edge irregular reflexive k-labeling of P, ®
P, and k is the reflexive edge strength of P, ® P,. This
completes the proof. O

Figures 1 and 2 show the corresponding edge irregular
reflexive k-labelings of P4 ® P4 and Py © Ps.

4, Corona product of a path with isolated vertices

Assume P, is a path of order n and mK; is a disjoint union
of m copies of isolated vertex. The corona product of a path
with m copies of isolated vertex, denoted by P, ® mK; is
defined as a graph obtained by taking one copy of P, (with
n vertices) and n copies of mK; by joining the i-th vertex of
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0 2 8 10
6 6 6
1 2 i 4 1 4 5 8
0 0 2 2 6 6 6 6 8 8 8 8 10 10 10 10

Figure 1. The edge irregular reflexive 11-labeling of P4 ©® Py.

0 4 10 14
6 6
1 1 1 5 i} 5 3 7
2 2 2
2 1 2 2 3 4 2 3 4 4 5 6
6 5 4 3 4 5 6 7 6 7 8 9 8 9 10 11
0 0 2 2 4 6 6 6 6 6 10 10 10 10 10 14 14 14 14 14

Figure 2. The edge irregular reflexive 14-labeling of P4 ® Ps.

P, to every vertex of the i-th copy of mK;. Note that P, ®
mK; is also known as a subclass of caterpillars.

Therefore, the vertex set and edge set of P, ® mK; are
V(P, ®mKy) = {x,y,: 1<i<n1<j<m} and E(P,®
mKy) = {xixiy1 :1<i<n—1}U{xp,:1<i<n1<j<
m}, respectively. The number of edges of P, ® mKj,
denoted by |E(P, ® mK;)| is n(m + 1) — 1. Thus, according
to Lemma 1,

res(P, ® mKy) > k
ML;HL if n(m+1)—1%#2,3 (mod 6),
2= 1, i n(m+1) —1=2,3 (mod 6).
(1)

We notice that k is odd when n=1 (mod 3),m =
1 (mod 6) or n=2 (mod 3),m=3 (mod 6) or n=
2 (mod 6),m=0 (mod 6) or n, m=4 (mod 6).
Otherwise, k is even.

The following lemmas show the reflexive edge strength of
P, ©mK; by distinguishing m into odd and even cases.
First, we deal with P, ® mK; when m is odd.

Lemma 2. For n > 2 and m odd,

res(P, © mK;)
I—n(m_gl)_l—" if n(m-+1)—1% 2,3 (mod 6),
[%}_’_1, if n(m+1)—1=2,3 (mod 6).

Proof. As a fact that P, ®©mK; has n(m+1) —1 edges.

According to Lemma 1, the lower bound for res(P, ® mK;)

is shown as (1). Now, we prove that k is the upper bound

for res(P, ©® mK,) when m is odd. We first define a total k-

labeling ¢ of P, ® mK;.

(a)  All vertices x; and yﬁ are labeled with the even integers

in the following ways.

(i) @(x;)=0. For m=1 (mod 6), i=2 (mod 3)
or m=3 (mod 6), i=4 (mod 3), o¢(x;)=

|—i(m+31)+2-| i(m+1)7zw _

. Otherwise, ¢(x;) = [ 3

(ii)

0, ifi=1,m=1 (mod 6),1
or m=3,5 (mod 6),1 <j
if i=2,m=1 (mod 6)
or m=3,5 (mod 6),1

~.
IA

1,

—
o2

—
w3
i

‘\.
; IA V\ A |/\
~.
IA
=

o0 = q iy €= 1w =1 (mod 6), [ 32>1+1§j§m
ori=2m=1 (mod6),[*Z] +1<j<m,

(%,  if i=1,m=3,5 (mod6),[#]+1<j<m,
ori=2m=35 (mod 6),[§]+1<j<m,

i>31<j<m.

The edges xiyi and x;x;,; are labeled as follows.
@) @lay) =jif m=1 (mod 6),1 <j< [
or m=3,5 (mod 6),1 <j< [2], otherwise,

(p(xlyjl) =j— ¢(x2). Next,

(b)

P(xph) =m+1—
@o(x) + j if m=1 (mod6),1 <j< [25]
or m=3,5(mod 6), 1<j<[%], otherwise,
¢(x2)h) = m+1—2¢(xy)+j. For i>3 and 1<
jEmo(xy) = (i—1)(m+1) =2¢(x)+j.
Pp(x1x2) =[] if m=1 (mod 6), whereas
P(x1x2) = ["H] if m=3,5 (mod 6). Next,
for m=1 (mod 6), i=2,3 (mod 3) or m=
3 (mod 6), i=4 (mod 3), ¢(xx;i11)=i(m+1)—
20(xi;)—[%2].  For m=5 (mod 6), i>2,
@(xixip1)=i(m+1)—2¢(x;)— ["%].  Otherwise,
P(xixip1) = i(m+1)—2¢(x;) — [2£3].

Evidently, all vertex labels and edge labels are at most k
under the labeling ¢, thus, labeling ¢ is a total k-labeling of
P, ©® mKj. Next, we show the edge weights of all edges in
P, ® mK; are distinct under the total k-labeling ¢.

(ii)

@ wiy(xyl) = o(x:) + p(xy) + @(¥).
(i) Fori=1, '
(A)  wty(x1))) =0+j+0=jif m=1 (mod
6),1<j< [2(”‘;2)] or m=3,5 (mod 6)
1<j <[#1].
(B)  why(xip}) =0 + j— () + [F52] =

j— fm_+21 + (m_+21
6), (2] 41 <j < m.

=jif m=1 (mod
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Q) wip(xiy)) =0+j—p(a)+ [F]=j— 5]+
[24]=j if m=3,5 (mod 6), [2]+1<
j<m.

(ii) Fori=2, '
(A) when m=1 (mod6), wi,(xp))=
M) 4 41— (x) +j + 0=
"z(erl) W +m+1— F(m+l)+2‘| +] = m+
1 + j if 1<j< [25], otherwise,
Wt (x2ph) = (2] o 1 — 200(x,) +
+|—2(m+2)~| |—1(m+31)+2~|+m+1 2|— i(m+1 +2~|

e [ 14 i [’"T”H-IS
j<m.

(B) when m=3,5(mod 6),
|’i<m+31)72W

Wtw(xz)’g) =
tm+1—o)+j+0=
[‘i(erSI)fﬂ +m+1 - |‘l(m+31) ZW +] _
m+ 14 jif 1 < j < [%], otherwise,
wtq,(xzyé MW +m+1—2(p(x2)+
J ] = M g1 — 2 [
jo 2] = 14 if ("‘1+1<1< m.
Forz>3and1<]<m
(&) wy () = 24 (- 1)(m+1) -
Z(P(xz) +]+ |—1(m+1) ": |—1 m+1 ~|+
o+ 1) 22 ¢ el

(iii)

(i -
]
(i—1)(m+1)+jif m=1 (mod 6), i
0,1 (mod 3) or m=3 (mod 6), i
0,2 (mod 3) or m =5 (mod 6), i > 3.

(B)  why(xiy) = [ 4 (i = 1)(m + 1) —
2go(x,) +] + [z m+1)+2w _ [z (m+1) +21 +(
1)(m + 1)— [l “HJHMW:

(i—-1)(m+1)+jif m=1 (mod 6), i =
2 (mod 3) or m=3 (mod6), i=
1 (mod 3). Take note that i# 1,2 in
(iii)(A) and (iii)(B).
(b)  wty(xixir1) = @(xi) + @(xixi1) + @(Xit1)-
(i) Fori=1,
(A)  wip(x1x2) =0+ f"’_q + [
[#5H] + [25H] = 3[(m — 1)+ 2(m +2)] =
m+1lifm=1 (mod 6).
(B)  wity(xix) = 0+ [mf1] 4 [EELlmL2)
[ + [ =3lm +3) +2m] = m+1
if m =3 (mod 6).
(O wty(x1x2) =0+ ["H] + (WW =
] + B =5l(m+ 1) + (m +2)] =
m+1if m=5 (mod 6).
(ii) Fori>2,

(A) when i=0 (mod 3), Wty (XiXiy1) =
M2 4 i(m 4 1) — 20(x;) — [253]+
N2y — it D2) 4 4 1) —

Z[i(m?)fz]_[mT,ﬂ + |—1+1)(";+1) 2]:i(m+
1) +3[—i(m+1)—(m—1)+i(m+1)+(m—
1)]=i(m+1) if m=1 (mod 6), otherwise,
Wiy (xiXiy1)= f' m“ D=2 4 i(mA+1) =20 (x;) —

3]y [EDEDE) 4 1) 4 L[ —i(m
D)= (me+3) 4 im+ 1) (3] —i(m-+1)
if m=3 (mod 6).

(B) when i=1 (mod 3), Wty (XiXiy1) =
[ i(m 1) = 20(x) — [%52] +
[7(‘““"3’“)*21 = i(m+ 1) + {—[i(m+1)—
2= (m+5)+[i(m+1)=2]+(m+5)}=
ilm+1) if m=1 (mod 6), otherwise,
Wy (xixig ) =[5 ] i(m 1) 20 (x) -
[255]+ [EEEEE im 1) H{ i+
1)+2]—(m—3)+ [i(m+1)+2]+(m—3)} =
i(m+1) if m=3 (mod 6).

(C) when i=2 (mod 3), wit,(xixip1) =
[P 4 im +1) = 20(x) — [%52] +
[7““)(";*” 1 =i(m+1) +H{—[i(m+ 1)+
2)=(m—1)+[i(m+1)+2]+(m—-1)} =

if m=1 (mod 6), otherwise,

i(m+1)
Wiy (xiXis1)= f'(mH) A ti(m+1)—20(x;)—

]+ [ ime 1) H{ [+
1)=2]—(m+3)+[i(m+1)=2]+(m+ 3)}=
i(m+1) if m=3 (mod 6).

Wi (xixis1) =52 (1)~ 20(x) -
(] [EED2) 1) 4L i (et
1)—(m41)+i(m+1)+(m+1)]=i(m+1)
if m=5 (mod 6).

It clearly shows that the edge weights of all edges in P, ®
mK; are distinct integers from the set {1,2,...,n(m+1) —
1}, which means that all edges have distinct weights. Thus,
the total k-labeling ¢ is an edge irregular reflexive k-labeling
of P, ®©mK; and k is the reflexive edge strength of P, ®
mK;, where m is odd. This completes the proof. O

Figures 3 and 4 show the corresponding edge irregular
reflexive 7-labeling of Ps ® 3K; and edge irregular reflexive
8-labeling of P, ® 5K;, respectively.

In the next lemma, we deal with P, ® mK; when m
is even.

D)

Lemma 3. For n > 2 and m even,

res(P, ® mKj)
_ |—n(m-;1)—1-"
I'n(WH:;l)le + 1’

Proof. Since the number of edges of P, ®mK; is n(m+
1) — 1, by Lemma 1, we obtain the lower bound as shown
in (1). Now, we prove that k is the upper bound for
res(P, ® mK;) when m is even. We first define a total k-
labeling ¢ of P, ® mK;.

if n(m+1)—1#2,3
if n(lm+1)—-1=2,3

(mod 6),
(mod 6).

(a)  All vertices x; and yﬁ are labeled as follows.
(i) Fori#3,
(A)  ¢@(x;) =0. Then, ¢(x;)

I‘i(m+1)+2"| if
i 3
m=0 (mod 6), i = 3,

4 (mod 6) or
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0 D) 2 2 4 2 6 4 6
0 0 2 0 2 2 4 4 4 6 6 6 6 6 6

Figure 3. An edge irregular reflexive 7-labeling for Ps ® 3K;.

0 ) 4 ) 6 4 8
2 3 \4 I 374 1\2\3 2 3\4 NS 374 5 \6 \J
0 0 0 0 4 0 0 4 4 4 6 6 6 6 6 8 8 8 8 8

Figure 4. An edge irregular reflexive 8-labeling for P, ® 5K;.

0 1 2 2 2 3 4
0 0 0 2 2 2 4 4

Figure 5. An edge irregular reflexive 4-labeling for P, ® 2K;.

m=2 (mod 6), i=1 (mod 6) or m=
4 (mod 6), i=2,3 (mod 6). Next, @(x;)=
[Z(m—ﬂ] if m=0 (mod 6),i=5 (mod 6) or
m=4 (mod 6),i=1 (mod 6).
Otherwise, ¢(x;)= [w]
(B)  The vertices ¢(y]) are labeled as follows.

0, if i=1,m=0,2 (mod 6),1
or m =4 (mod 6),1<]§[( 2>],
if i=2,m=0 (mod 6),1<j<
or m=2 (mod 6),1 <j<[%],
or m=4 (mod 6),1 <j<[2],

<j<[E,

o) =1 [ if i=1,m=0,2 (mod 6),[2] +1<j<m
ori=2,m=0 (mod 6),[22] +1<j<m
or m=2 (mod 6),[%]+1<j<m,

[ (m3+2)-| if i=1,m=4 (mod 6), [Z(MH] +1<j<m,
ori=2,m=4 (mod 6),[ %3] +1<j<m,
o(x:), otherwise.

(i) Fori=3and1<j<m ()= go(y]3 ) = m.
(b)  The edges x,yﬁ and x;x; .1 are labeled as follows. .

(i) Fori#3,

(A) @y =jif m=0,2 (mod 6), 1<j<
[2%] or m =4 (mod 6), 1 <j < @,
otherwise, qo(xl)/i) =j— @(x2). Next,
w(xz)/é):m+17go(x2)+j if m=0 (mod
6),1 <j<[%2] or m=2 (mod 6), 1<
J<[%] or m=4 (mod 6),1<j< 2],
@(x29h) =m+1—2¢(x)+j. For
i>4,1<j<molxy) = (i—1)(m+
1)— 2¢(xi) + .

otherwise,

B)  @(xixy) =[]
otherwise,

if m=0,2 (mod 6),
p(x1x) = [, Next,
p(xxs) =i(m+1) = 20(x) — [*52]if
m=0,2 (mod 6), otherwise, @(xx3) =
i(m+1) — 2¢(x;) — [%52]. For i > 4,

i(m+1) —2¢(x;) — [%52], if m=0(mod 6),i % 2(mod 6),
or m =2(mod 6),i = 1(mod 2),
3 if m = 4(mod 6),i = 3(mod 6),
1, if m = 4(mod 6),i # 3(mod 6),
+

otherwise.

—4

i(m+1) = 2¢(x) = [
i(m+1) = 20(x) - [
i(m+1) = 20(x) = [

‘S
5

o(xixip) =

‘i @[3
!
5

(i) Fori=3,
A) o) =2+jif1 <j<m.
(B)  @(xsxg) = i(m+1) = 20(x;) —
m = 0,2(mod 6), otherwise,
i(m+1) = 2¢(x) — [5]
if m = 4(mod 6).

Clearly, all vertex labels and edge labels are at most k
under the labeling ¢, thus, labeling ¢ is a total k-labeling of
P, ® mK;. Using similar approach as in the proof of Lemma
2, we are able to find the edge weights of all edges in
Pn O) mKl.

[ if
P(x3x4) =

Wiy (xixit1) = @(x;) + @(xixir1) + @(xi1)

and

wiy(xy)) = o(x:) + o(xy)) + ().

Therefore, the results of edge weights are: (a) wt,(xixi11) =
m+1 if i=1, otherwise, wt,(xxiy1) =i(m+1) if i > 2;
and (b) w (y’)—]lfz—l wit (x,)/)—m+1+jifi:2,

Wi x,)/ =2(m+1)+j if i=3, otherwise, wt(,,(x,»yﬁ) =
(i—1)(m+1)+jifi> 4.

We can see that the edge weights of all edges in P, ®
mK; are distinct integers from the set {1,2,..,n(m+1) —
1}, in other words, every edge has a distinct weight. Thus,
the total k-labeling ¢ is an edge irregular reflexive k-labeling
of P, ®mK,; and k is the reflexive edge strength of P, ®
mK,, where m is even. This completes the proof. O

Figures 5 and 6 show the corresponding edge irregular
reflexive 4-labeling of P, ® 2K; and edge irregular reflexive
6-labeling of P; ® 4K, respectively.
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0 1 4 2 4
12 34 2/3 AN 3/4 5\6
0 0 0 00 0 0 4 4 4 4 4

Figure 6. An edge irregular reflexive 6-labeling for P; © 4K;.

Combining Lemmas 2 and 3, we obtain the concluding
result for the reflexive edge strength of corona product of
path with mK; as follows.

Theorem 2. For n > 2 and all positive integers m,
res(P, ® mKj)

|' rt(mng)fl] ,

|' rl(mJ;l)fl] + 1,

if n((m+1)—1%2,3 (mod 6),
if n((m+1)—1=2,3 (mod 6).

5. Conclusion

This paper has successfully determined the reflexive edge
strength of corona product of graphs, that is, corona prod-
uct of two paths and corona product of a path with isolated
vertices, where these graphs have also proven to admit the
edge irregular reflexive labeling. Moreover, these generalized
results are not only strengthened the Conjecture 1, but also
thoroughly replaced the weak and restricted results of the
previous paper [19]. Last but not least, this interesting study
found a problem that worths for further investigation,
that is:

Problem 1. Determine the reflexive edge strength of corona
product of a path P, with m copies of complete graphs, i.e.,
res(P, ©® mKy;), where n,m,t > 2 and all positive integers m.
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