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Abstract

This paper was inspired by a recent publication by RedZic (2018 Eur. J. Phys.
39 025205) which threw into bold relief the differences between the way
Maxwell viewed the current and the way Lorentz visualized it. We make the
assumption that for a circuit of laboratory dimensions current (and charge
perturbation effects in general) can be assumed to propagate instantaneously
around the loop. Our second fundamental assumption is the commonly
accepted one that E is the force per unit charge on a stationary charge. We use
these facts to make the usual definition of electromotive force more rigorous
and to derive the Lorentz force formula.

Keywords: EMF, Faraday’s law, Lorentz force

It is a curious fact that many of the fundamental quantities of electromagnetic field theory
have not yet received rigorous and logical definitions. [1] One example is the electromotive

force or EMF.

RedZic [2] has presented a meticulously written paper comparing Maxwell’s

view of EMF with current usage and points out that he (Maxwell) rejected the idea of current
being a flow of charged particles. Rather, he visualized it as the flow of an incompressible
fluid. This view is at odds with that of Lorentz who explicitly assumed that electrons carry the
current, even in metallic filamentary conductors where simple calculations show that the drift
speed is far too small for this to be the case. RedZic’s paper contains a wealth of references on

this issue.

Original content from this work may be used under the terms of the Creative Commons
By Attribution 4.0 licence. Any further distribution of this work must maintain attribution to the
author(s) and the title of the work, journal citation and DOI.
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0143-0807/24,/015202-+11$33.00 1


https://orcid.org/0000-0001-7877-1372
https://orcid.org/0000-0001-7877-1372
mailto:artice.davis@sjsu.edu
https://doi.org/10.1088/1361-6404/ad0a9e
https://crossmark.crossref.org/dialog/?doi=10.1088/1361-6404/ad0a9e&domain=pdf&date_stamp=2023-12-07
https://crossmark.crossref.org/dialog/?doi=10.1088/1361-6404/ad0a9e&domain=pdf&date_stamp=2023-12-07
http://creativecommons.org/licenses/by/4.0
http://creativecommons.org/licenses/by/4.0

Eur. J. Phys. 45 (2024) 015202 A Davis

We survey this disparity of views and offer a simple observation about current and the
speed of charge perturbation effects which makes the definition of EMF rigorous. We show
that the usual Faraday law holds for time-varying loops and then derive the Lorentz force
formula.’

Charge, current, and EMF

Charge and current

Rowland demonstrated in 1876 [5] that electrostatic charge deposited on an insulated disk
generated a magnetic field when he gave the disk a spin. Rowland’s experiment is often
quoted as evidence that moving charge constitutes a current in metallic filamentary con-
ductors, as did Lorentz in his 1906 lectures on the theory of electrons [4]. Lorentz used it to
justify writing the conduction current density in the form J = pv. Rowland’s experiment was
an intimation—perhaps—but not logical proof. It only shows that convected charge generates
a magnetic field and really says nothing about the mechanism of conduction in metals.

Experiments that are perhaps more germane to this issue were conducted by Tolman and
others, the first being [6], by accelerating a wire along its long axis and suddenly stopping it.
Charge was detected on the two ends, and computations showed that this charge was con-
sistent with particles having the appropriate charge-to-mass ratio for electrons. These
experiments, too, are often quoted as evidence that electrons flowing through a conductor
explain the current in it. But this experiment does not provide sufficient evidence that elec-
trons flowing from one end of a wire to the other constitute the current in that wire.

Computation of the drift speed of electrons in a copper wire at room temperature indicates
that the flow rate is only on the order of millimeters per second. In fact, as Griffiths puts it
(referring to a battery connected to a lightbulb) in his highly respected text Introduction to
Electrodynamics [7], “What is more, given that the charges in a typical wire move (literally) at
a snail’s pace (see Prob. 5.20), why doesn't it take half an hour for the news to reach the
lightbulb?’ It is worthwhile noting that Maxwell did not believe that current was constituted
of flowing charge, preferring to view it as an incompressible fluid. Here’s the way RedZic puts
it in a footnote”

---Maxwell was not inclined to interpret electricity as a collection of charged
particles. ---when discussing the ‘equation of continuity,” V -j. + %’: =0,
where j. is the conduction current density and p is ‘the volume density of free
electricity,” he not only refrains from writing j. as pv (arts 295, 395), but ‘in
order to simplify the mathematical process,” he introduces ‘mathematical

points’ as convenient mathematical abstractions (arts 44, 73, 81).

So—who was right, Lorentz or Maxwell? To get a clue to the answer, let us return to a
later portion of the Griffiths text, namely page 547, Example 12.13, in a chapter on relativity.
Here he discusses the hidden momentum effect on a current dipole, applying the Lorentz
contraction to the electrons supposedly flowing around the loop. Any such effect should, of
course, be negligible if they are moving at a snail’s pace. This inconsistency is one which

! Curiously, Lorentz never gave a satisfactory derivation of his law. The supposed original derivation was in [3], but
it assumed an ether, was vaguely structured, and contained a number of errors. Later, in [4] he seemingly disavowed
his earlier derivation, passing it off by saying, ‘Like our former equations it is got by generalizing the results of
electromagnetic experiments.” He never specified which experiments these were. Presumably it was Ampére’s
experiments to which he was referring.

2 Reference [2] footnote 9.
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shows up in virtually all modern textbooks and papers, though very few even address the slow
flow of actual electrons as does Griffiths.

In this paper, we will side with Maxwell by considering the current in a wire circuit of lab
dimensions to propagate instantaneously around the loop—as do any charge perturbation
effects.

Electromagnetic variables®

Oddly, the fundamental variables of electromagnetic theory have, by and large, not been
defined in a rigorous manner for general time-varying fields (see [1]). In particular, many texts
fail to discuss potentials at all, and so we will briefly survey a logical approach for defining
the fundamental electromagnetic variables ¢, A, E and B in a rigorous manner. This approach
is similar to the one adopted by Wald in his interesting new text [8], which—Ilike the present
development—bases electromagnetic theory on the potentials.

We assume that the current density J has been operationally defined, not necessarily as pv.
For instance in a metallic filamentary conductor we might define it as J = (I/S)es, where I is
the current (assumed to be experimentally determined) and S = Seg is the vector cross-
sectional area.

We define the retarded vector potential as

-
A, 1) = fuoj(r ’ zhrR

R/c)dr’ :fuo[J(r’, B]dr’ 0

4R

where:

1. The integral is over all space, with the integration variable r' and the volume element of
integration dr’

R=|R|=|r— 1

. Mo 18 the permeability of free space

. ¢ is the speed of light

JE ) =JF ", t — R/c)

Now let us take the divergence of A. This results in

V@ DldT [0,p(r,0)]dT’
VA, = [ DT L [l Ol i

=~ L0,6@. 1. @

Here, we have used the continuity equation for the divergence of current density, defined the
retarded scalar potential by

Lo, 17’
o = [ 3

and noted that pioeq = 1/c?. The commutativity of the operators used in equation (2) depends
on an assumed causality of A as a function of J and is justified in [1]. Due to its importance
and implications, a more direct derivation of (2), known in the literature as the Lorenz gauge
condition, is given in an appendix for convenience of reference.

3 This section repeats the gist of reference [1], but is presented here in condensed form for clarity of exposition.

3
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Straightforward differentiations show that these potentials obey the wave equations

LAl
[l {2) =) @

Using the standard identity

V x [V x A] = V[V - A] — V?4A, 5)
defining the magnetic induction by
B=V xA, (6)

combining these equations with the top line in equation (4), and applying equation (2) results
in
1
V x B = pyJ + 50[-Veo — 0Al @)
c
The form of the last term prompts us to define the electric field intensity as
E=-V¢ — 0A. ®)

We can then write equation (7) as

V x B = pyJ + %8,E, 9
which is the Ampére-Maxwell equation. Taking the divergence of (6) results in

V-B=0. (10)
Taking the curl of (8) and applying (6) results in

V x E = —0,B. (11)
Taking the divergence of (8) and applying the bottom wave equation in (4) results in

V-E=p/e (12)

Equations (9) through (12) are the Maxwell equations for free space.

Perhaps a word is in order about our use of the continuity equation relating charge to
current density. One might object that it relies upon the Lorentz view of current as a flow of
charge. It does not. As Wald [8] has pointed out, if the continuity equation does not hold then
Maxwell’s equations would not be solvable. Hence, we treat it as an independent
assumption.

To summarize, in this section we showed how the potentials and the fundamental field
variables can be logically defined as causal consequences of the current density. We now
consider the definition of the electromotive force or EMF.

Electromotive force (EMF)

The Faraday law for a nonmoving loop

Have a look at figure 1, which shows a closed contour C in space assumed for now to be
stationary. We will for the most part think of it as a closed filamentary conductor for intuitive
reasons—but this is not necessary. The EMF around this contour is, in the more careful
treatments, defined as

4 Taking the divergence of equation (9) and using equation (12) shows that if these two equations are true then the
continuity condition must perforce hold.
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Figure 1. A closed contour in space.

EME(C) = 55 f-dr, (13)
C

where f is the force per unit charge exerted by the electromagnetic field on a small charge
placed at a point on the curve and held stationary there. This charge is imagined to be very
slowly moved around the contour and so the EMF is the negative of the amount of work per
unit charge expended in so doing.” But this is ambiguous because it does not address the issue
of time—undoubtedly because EMF is often introduced in conjunction with constant currents
and fields. Another shortcomng is that, at this stage of our development, we do not yet know
what the force supplied by the electromagnetic field is.
We remedy these two defects by writing our definition as

EMF(C, t) = 55 f@, 1) - dr (14)
C

and making the fundamental assumption that the electric field intensity is the force per unit
charge exerted by the field on a stationary charge. This permits us to write

EMF(C, 1) — 515 E(r, 1) - dr. (15)
C

This does not yet solve our problem, though, because when we use the electric field intensity
we are assuming that our test charge is either stationary or to be moved only very, very
slowly. Furthermore, are the values of ¢ on the two sides of this equation the same or
different? This question is one which most texts fail to deal with. To do so, we make another
fundamental assumption. As we pointed out in an earlier section, we will assume that currents
—or the effects of any charge perturbation—propagate instantaneously around the loop.
Thus, we can think of freezing all the field variables and their derivatives at the values they
assume at the time ¢, then slowly moving our test charge around the loop. Thus, we can now,
with rigor and without ambiguity, define the EMF of our stationary curve C as in
equation (15) where ¢ is fixed. Using our definition of E in equation (8), we have

EMF(C, 1) — f; [—Vé(r, 1) — A, 1)] - dr. (16)

The gradient term integrates to zero around the closed loop—remember that ¢ is fixed!—and,
with the usual mathematical caveats about exchange of differentiation and integration, we
have

EMF(C, 1) = 7% 55 A, t) - dr. (17)
C

5 To move the charge we would have to exert a force which is the negative of the force on it due to the field; hence
the negative. The movement is considered to be so slow that it does not affect force computation.

5
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r(0,0)

Figure 2. An open contour in space.

We can now apply the Stokes theorem to write

EMF(C, 1) = —%j; V x A(r. 1) - dS = —d(f:)’ (18)

where S is a bounding surface for C whose sense is taken using the right-hand rule and @ is
the magnetic flux through that surface. Equation (18) is known as the Faraday law of
induction for a nonmoving loop.

The Faraday law for a moving loop

Now suppose that C moves and/or deforms with time. We parameterize it by

Cr=r(s,1);0<s<L, (19)

where L = L(7) is the length of the curve at time ¢. At each time ¢ there is a different contour,
and at each value of s the position on the curve is a time function r = r(s, f). Note that we can
write the curve as a function of time, C(7).

If we were to not assume that propagation of electrical effects around the loop is
instantaneous, the actual curve described by our test charge in space would look something
like the one shown in figure 2, where we have assumed that 7 seconds are required to traverse
the curve. Even though r(L, 0) =r(0, 0) for a physical conductor, we might have r(L, T) =r
(0, 0) for the trajectory of our test charge in space. Thus, C would perhaps not even be closed,
with the attendant problems of defining a bounding surface and the flux through it. Therefore,
even though we might possibly define an EMF for such a contour, it would be cumbersome
and difficult to work with. The value of work per unit charge would depend upon the
particular characteristics of the motion, in particular its velocity at various points along the
curve. We will therefore continue with our assumption of instantaneous propagation of
electrical effects, assuming the fields and their derivatives to be frozen at the values they
assume at time ¢ and continue to use our assumption that the force is that on an almost
stationary particle during its slow movement around the loop.

The first term in equation (16) still integrates to zero for it is the line integral of a gradient
over the closed contour C(f) at the particular time 7.

The second term is more problematic because of the dependence of C(¢) upon the time. We
will begin with a direct computation of the total derivative of this integral, which proceeds as
follows. By the definition of derivative, we have

6
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Figure 3. A moving contour.

d
& C(I)A(r, t) - dr

:m {%[%(IM)A(I", t+h)-dr — gﬁcmA(r, 7 - dr] }
— lim {;17[5’%@%) [A(r, 1 + h) — A@r, D] - dr] }

i [ o | Jae o e 20

where we have added and subtracted

55 A, 1) - dr.
C(t+h)

In the first term in the last two lines, we use the mean value theorem of calculus on each
component of the integrand, writing

Ai(r,t+ h) — Ai(r, t) = hOA;(r, t + 6), 21

where 0 < || < |h|. Using equation (21) in the next to last line of equation (20) we obtain

lim {%[%(M) [A(r. 1+ h) — AGr, 1)] - dr] }

= }lin% 56C o DA 1+ B)d; = gg o A, 1) - dr. (22)
The validity of our last step depends, of course, on continuity conditions of A and C(¥).

Our last term requires more work—for which we will find figure 3 helpful. There, we see
the contour at time 7 on the bottom and at time ¢+ A at the top. We have shown the latter
reversed to agree with the sense of what we are about to do, which is to connect the two
curves by positive and negative segments infinitely close together. We show this idea in the
figure exaggerated for clarity. This procedure produces a closed surface bounded by our two
original contours and these two small segments. Even though the two contours C(¢) and C
(t+ h) occur at different times, for our construction we will consider the loci of points to
coexist at time ¢ because the integrand is evaluated at that time. We can now write the last
term in our equation (20) as

[é(zf ¢C(r+h) +£eg _fseg ]A(r’ - dr= 9%0 A(r, 1) - dr, (23)
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Figure 4. A moving point and a zero area contour.

where Cj is the composite curve formed by C(¢), C(t + h), seg, and —seg. Here seg refers to
the small straight line segment whose vector length is v(r, £)h as shown in the figure and r is
an arbitrary point on C(¢). Application of the Stokes theorem to the composite curve C, gives

55 A, t)-dr:fB(r, 1) - dS, (24)
Co S

where S is the cylindrical side surface and we have written V X A = B. Because seg has
infinitesimal length and dS = v(r, t)h x dr, however, we can approximate this surface integral
by the contour integral

fS B(r, 1) - dS =~ %(I)B(r, ) - [v(r, Hh x dr]
=—hg @0 x Bl dr (25)

Using this result along with equations (23) and (22) in (20) and taking the limit results in

Y& aen ar=¢ 0wt dr+ 95 v(r, 1) x B@r, 1) - dr. (26)
dr Jcw) C(t) C(1)

Rearranging this equation and substituting in equation (16) and recalling that the gradient
term integrates to zero gives

EMF(C(1), t) = _4 ¢ A(r,t) - dr + 515 [v(r,t) x B(r, 1)] - dr. 27)
dt Jew c@)
The last term is often called the ‘motional EMF.” If we apply the Stokes theorem, we obtain
EMF(C (), t) = —%CI)(I) + f [v(@r,t) x B(r, 1)] - dr. (28)
ol0)

This is the classical Faraday induction law for a moving loop.

The Lorentz force

Redzic® says that Maxwell ‘---paved the way for the Lorentz force expression.” We will now
complete Maxwell’s demonstration by showing that it is indeed rigorously valid. We have
already made the fundamental (and common) assumption that E is the force per unit charge
on a stationary charge. Now we will add the assumption that force due to its motion adds to
the force on it when it is stationary.

6 Reference [2] section 5 ‘Conclusions’.
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Consider figure 4. There we see a charged particle moving along an arbitrary trajectory C’
that passes through the point r/(¢) at time ¢ with velocity v(r).” We imagine an arbitrary open
path of points C through r/(r) as shown by the dashed line, traversed in the direction defined
by the dashed arrow. We imagine this curve to be displaced an infinitesimal distance and
replicated and that it is traversed in the opposite direction as indicated by the second arrow,
thus forming the arc —C. We also suppose that the two ends of these contours are connected
by negligibly short arcs, thus forming a closed curve consisting of C and its negative. We
assume that only the first arc passes through r/(¢), whereas the second path avoids it. Thus,
the closed path C — C is deforming only at the point r/(r).* We can therefore write the
velocity of this deforming point as

v, 1) =v()o@ — r' (1)), (29)

where the delta function is a one-dimensional one along the curve; furthermore, the flux
enclosed by the curve C — C is zero. Hence, Faraday’s law for moving contours in
equation (28) becomes

EMF(C — C, )= ¢ v(r, 1) x B(r, 1) - dr
=4 O —r'@) x B, 0] - dr =v(0) x BE®), 1). (30)

We now note that our contour C — C is an imaginary construction so there is no charge on it
anywhere except at r = r/(t). Therefore, we can write the force as f(r, 1) = f, (1)6(r — r'),
where f,, refers to the force on the moving particle due to its motion. This permits us to write

EMF(C — C, 1) = g%ic/f(r, 0 - dr

=¢. L, 08@ —r'@) - dr =f,@. 31)
Using this in equation (30) we get
S @ =v(®) x BF'®), 1). (32)

Assuming that the field forces on a charged particle are additive, the total force per unit charge
on the moving charge becomes

JO=E@@®), 1 +v) x B@'®), 1
==V (), 1) — QAW (), 1) +v(t) x B(r' (1), 1), (33)

which is of course the Lorentz force law.

Summary

We have made the fundamental observation that propagation of electrical effects around a lab-
sized circuit can be considered instantaneous’ and used that fact to make the usual definition
of EMF rigorous and to derive the Lorentz force law. We have also raised some doubt as to
the applicability of the Lorentz expression J = pv for metallic conductors.

7 r'(t) = F(s, 1) for some value of the real parameter s, and v(f) = 9,//(s, ).

Note that v is not the velocity with which we might move a test charge along the C — C, but refers to the actual
velocity of the actual charged particle.

In our derivation of the Lorentz force we can in fact make this assumption with no doubt since our auxiliary curve
was only imaginary and hence can be sized to suit our assumption! The Lorentz force law is thus generally valid and
does not depend upon any instantaneous propagation of effects.

9
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For conventional situations, we have shown that the usual Maxwell theory is valid.
However, for short pulses (such as those in ultrawideband communications or EMP studies)
or very high frequencies, the fundamental concepts should be reexamined taking into account
finite propagation speeds. Undoubtedly, the very concept of EMF is not applicable in such
circumstances.
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Appendix. Derivation of the Lorenz condition

Consider the retarded integral

A, 1) = f”oJ(r i ;_ Rjodr’ _ fw(r, MIE t— R/o)dr,  (Al)

TR
where J is an arbitrary function which satisfies the continuity condition V- J = — 0,p and
b, v = 20 Ho (A2)

47R  dnlr — 1|
In component form, dropping arguments for simplicity, we have
A= f Ddr! (A3)
Now
V-a=0a = [owndr = [{10w1h+ voudr (ad)

But 9,40 = —0;/1, where the prime denotes differentiation with respect to the ith primed
position variable, so

VA =04 = [(1-0/01 + vy dr (AS)
Write

[0/ V1J; = O/ [WJ] — ¥, ). (A6)
Thus, the integrand of (AS5) can be written as

=0/[YJ] + Y10/ + il (AT)

The first term is merely —V’ - [¢J]. Inserting it in (A5), integrating over all space, and
applying the Stokes theorem causes this term to vanish—assuming the usual regularity
conditions on the integrand. Thus, the integrand, equation (A7), becomes

P[0 + 0,14 (AB)
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Here, we must exercise a great deal of care because we are subjecting the conventional
notation for partial derivatives to some stress. The symbol 0,/ means differentiation with
respect to the primed position variables x;’, while 9; symbolizes differentiation with respect to
the unprimed position variables. Suppose we write J (', 1) = J(x/, x»/, x3', t) and denote
partial differentiation with respect to the first three arguments by d/dx;’. Taking note that
J=J (', x', x3', t — R/c) and that R is a function of both primed and unprimed position
variables in (A8), we have

dJ; xi — X' xi — X'
[0 + 01 = [ -+ MT] — 0T (A9)
Thus, there is a cancellation of terms, and our integrand becomes
d‘li ! !/
¢dx', =V - I, Dl —rye- (A10)
Inserting this into (A4) gives
v/ - /, O dr’
A t):fﬂo[ T Dl ryedT” (A11)
47R
The continuity condition says that V’ - J = —0;p, and the partial time derivative clearly

commutes with the computation of the retarded integral, so—applying the condition that
poco = 1 /c*>—we have

t — R/c)dr’
dmegR

1 p@r, 1
V-A@ 1) = —za,f = 5000, 1. (A12)

where ¢ is the retarded scalar potential.
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